A categorification of the Casimir of quantum si (2) 



Anna Beliakova, Mikhail Khovanov, and Aaron D. Lauda 

January 10, 2011 

Abstract 

We categorify the Casimir element of the idempotented form of quantum sl(2). 
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1 Introduction 

The Witten-Reshetikhin-Turaev invariant [20j EI] of a 3-manifold presented by surgery 
along a framed link is given by summing over labellings of the components of the link by 
irreducible representations of the quantum group [/^(sfe), then evaluating the corresponding 
coloured Jones polynomial at a root of unity. Crane and Frenkel [6] conjectured that 
quantum 3-manifold invariants could be categorified using the categorified representation 
theory of Uqis^)- While the Jones polynomial and coloured Jones polynomial have been 
categorified [31 E], the problem of categorification at a root of unity has seen little progress. 

A universal invariant of knots taking values in (an appropriate completion of) the center 
of the quantum U q {s[2) was constructed by Lawrence [T6| [T7] . This universal invariant 
dominates all coloured Jones polynomials. The center of [/ ? (sl 2 ) as a Z[g, g _1 ]-algebra is 
freely generated by the Casimir element C. For p > 0, let us introduce 

°v = fl (C 2 - {q 21 + 2 + q~ 2 ')) 

i=l 

which are monic polynomials of degree p in C 2 . The universal invariant Jk of a knot K 
can be written J8j Theorem 4.5] as 

J K = ^2 a P {K)<7 p . 

p>0 

The coefficients a p (K) G Z[q, q -1 }, p G N, determine the Witten-Reshetikhin-Turaev in- 
variant of any integral homology 3-sphere obtained by surgery on the knot K. Therefore 
it is natural to seek a categorification of this universal invariant within the context of 
categorified representation theory of L^sfe). Here we take a first step in this ambitious 
program by categorifying the quantum Casimir element for U q (jslz)- 

Igor Frenkel conjectured [7] the existence of a categorification of the integral idempo- 
tented version of the quantum enveloping algebra of sl 2 at generic q. The algebra is 
the 7j[q, g _1 ]-subalgebra of the algebra U defined by Beilinson, Lusztig and MacPherson [2] 
and generalized to arbitrary types by Lusztig [18J. In U the identity element 1 G U g (s[ 2 ) 
is replaced by a collection of orthogonal idempotents l n indexed by the weight lattice for 
s( 2 . We recall the definition of U q (sl 2 ) in Section I2TT1 and U in Section [2731 

In [15] the third author introduced a categorification U of given by the idempotent 
completion of an additive 2-category U whose objects n G Z are parameterized by the 
integral weight lattice of sl 2 . The 1-morphisms from n to m are given by direct sums 
of 1-morphisms £e}- n {t} = £ E1 . . . £ £k l n {t} where e — S\...e^ with e l5 . . . , e k G {+, — }, 
m — n = 2 Yli=i £ i^-i £+=£,£- = F and t G TL. The 1-morphisms £ and T can be thought 
of as categorifications of the generators E and F of quantum sl 2 . The 2-morphisms are 
given by k-linear combinations of certain planar diagrams modulo local relations. In [15] 
it was shown that the split Grothendieck ring of U is isomorphic to ^U, 

K (U)^ A V, (1.1) 
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when the ground ring is a field k. In [13] this result was proven with k replaced by the 
integers. 

The quantum Casimir element for U q (sl2) has the form 

C ^ EF + €^±1^1^ FE+ ^±±^1. (1 . 2) 
(<?-<? ) {q-Q ) 

This element is central and is preserved by various (anti) linear ( ant i) involutions defined on 
Ugfsb). In this paper we category the integral idempotent version of the Casimir element 
obtained from (jl.2p by clearing denominators by multiplying by (q — q^ 1 ) 2 and projecting 
via l n . We also multiply by —1 for convenience and obtain the integral idempotented 
Casimir element C for U: 

C = l[Cl n , (1.3) 

C\ n = \ n C := (-q 2 + 2-q- 2 )EFl n -(q n - l + q l - n )l n , (1.4) 
= {-q 2 + 2-q- 2 )FEl n -{q n+l + q- 1 - n )l n . (1.5) 



This element belongs to the center, defined in Section I2.2[ of the idempotented ring U. 

To categorify the component Cl n of the idempotented Casimir element of U in the form 
given in (11.4p we must lift elements q a EFl n and q b l n to 1-morphisms £J-T„{a} and l n {b}. 
We follow the now standard procedure of lifting powers of q to grading shifts and using 
complexes whenever minus signs are present. This requires us to work with the 2-category 
Kom(U) of bounded complexes over the 2-category IA whose objects are integers n G Z, 
1-morphisms are bounded complexes of 1-morphisms in U, and 2-morphisms are chain 
maps constructed from the 2-morphisms in U. We also consider the 2-category ComiU) 
which has the same objects and 1-morphisms as Kom(U), and whose 2-morphisms are 
chain maps up to homotopy. 

We are looking for a complex with four copies of ET\ n and two copies of l n with 
grading shifts: 

£Fl n {-2}, 8Tl n , £Tl n , £Fl n {2}, l n {l-n}, l„{n-l}. 

The minus signs in (jl.4p indicate that the terms £J-T n {— 2}, £J r l n {2}, 1„{1 — n}, l n {n— 1} 
should live in odd homological degrees, and the remaining two copies of £J-T n in even 
degrees. 

The positioning of these terms in the complex is naturally dictated by the g-degrees of 
the possible maps between them. Negative degree endomorphisms of £J-T n exist only for 
n > 1, while there are obvious degree two endomorphisms given by placing a dot on one 
of two vertical lines in the diagram of the identity map: ^ and "|"^ (see Section 13.11 for 
a review of the 2-category U). We can arrange the above four copies of £J-T n with the 
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appropriate shifts and cohomological degrees into a complex just using these maps 




£J r l n {2} SFl n {-2} 




where the exact position of the minus sign is unimportant. To find the room for the two 
shifted copies of l n we observe that clockwise cup and cap 2-morphisms have degree 1 — n, 
perfectly matching the difference in degrees of these l n and those of the middle £J-l n in 
the complex, leading to a commutative square 




These two commutative squares can be glued into a single complex Cl n centered in homo- 
logical degree zero: 




We call the above complex the Casimir complex. The image of this complex in the 
Grothendieck ring of Com{U) is Cl n expressed in the form given by the right hand side of 
equation (jl.4p . 

Starting with the form of the idempotented Casimir element given in (jl.5p we obtain a 
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different complex: 




However, we will show that the complex C'l n is homotopy equivalent to Cl n . These 
two complexes behave well under certain symmetry 2-functors ip, u, a defined for the 2- 
category IA in [15], and extended here in Section 13.31 to the 2-categories Kom{U) and 
Com{U). In particular, C'l n = cr(Cl_ n ). These symmetry 2-functors categorify cer- 
tain (anti)linear (anti)involutions on the algebras U with the various (anti)linearity and 
(anti)involution properties being reflected in the (contravariant)covariant behaviour of the 
2-functors. Just as one can go between the two forms of the Casimir in (II. 4p and ( II. 5p 
using these (anti) involutions on the algebras U, we relate the complexes above together 
with their alternative versions obtained by moving the minus signs and reordering the dot 
2-morphisms via these categorified symmetries of U. 
Our results can be summarized as follows: 

Theorem 1.1. 

a) There are canonical mutually-inverse isomorphisms 

Q° : Cl n -> C'l n , 7 - C'ln -> Cl n (1.8) 

in Com(U). If n < the complex Cl n is indecomposable in Kom(U), and complex C'l n 
is isomorphic to a direct sum of Cl n and a contractible complex. If n > the complex 
C'l n is indecomposable in Kom(U), and complex Cl n is isomorphic to a direct sum of 
C'l n and a contractible complex. If n = complexes Cl n and C'l n are isomorphic in 
Kom(U). 

b) Under the isomorphism K (U) = K (Com(U)) = we have [Cl n ] = Cl n , so that the 
complex Cl n in Com{U) descends to the component Cl n of the Casimir element C of 
U after passing to the Grothendieck ring. 

c) The complex Cl n is invariant under the symmetries if) and ua of Kom(U). Symmetry 
a takes Cl n = (\1.6\i to the complex Cl_ n given by (II. 7\i for — n. 

d) Commutativity: There exists a collection of invertible 2-morphisms of complexes 

k x :XC-+CX, (1.9) 
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with inverses 

kx-CX^XC, (1.10) 

for all X in Com(U). 

Naturality: The collection of invertible chain maps Kx is natural in the sense that for 
any 2-morphism / : X — > Y the squares 



YC^^CY 



CY^—>YC 



fc 



XC 



cf 



KX 



^CX 



CI 



cx 



fc 



^XC 



[1.11) 



commute in ComiU). By construction these invertible chain maps are compatible with 
composition in ComiU) given by the tensor product of complexes and juxtaposition 
of diagrams. That is, for complexes Y = l n >Yl n and X = l n »Xl n i, with CXYl n = 
l n "Cl n "Xl n rYl n , we have a commutative diagram 



CXY1 



KXY 




+ XYCl n 



KxY N. / Xky 

XCYl r 



1.121 



in ComiU). 



Parts a) and d) are difficult, while parts b) and c) are obvious. The indecomposability 
of the Casimir and the resulting simplifications are discussed in section 14.31 The rest of 
part a) and part c) of the Theorem can be found in Proposition 14.11 The construction of 
the commutativity chain isomorphisms is given in Section I4.2[ while the naturality of these 
maps is proven in Section 

As explained in [121 Section 3.7] an additive 2-category can be viewed as an idempo- 
tented monoidal category by regarding 1-morphisms as objects of the monoidal category. 
The 2-morphisms in the 2-category become 1-morphisms in the monoidal category. The 
composition operation for 1-morphisms and the horizontal composition for 2-morphisms 
in the original 2-category gives rise to the monoidal structure, allowing objects and mor- 
phisms to be tensored together. It is sometimes convenient to view KomiU) and ComiU) 
as idempotented additive monoidal categories in this way. 

The commutativity and naturality statements in the third property above imply that 
the complex Cl n is in the (Drinfeld) center of the additive monoidal category ComiU) 
[SJ EE! 15] • The collection of chain maps Kx define an invertible natural transformation of 
functors k, : — ®C C £g> — , where — ® C and C <8> — are the endofunctors of Com{U) given 
by tensoring on the right, respectively left, with the complex Cl n for appropriate n. 

The categorification of the Casimir element for quantum presented here demon- 
strates the increase in combinatorial complexity that arises when lifting structures to the 
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categorical level: the Casimir complex only commutes with other complexes up to chain 
homotopies, which are rather involved. By appealing extensively to the graphical calculus 
for categorified U and its symmetries, we are able to study the Casimir complex and con- 
struct explicit chain maps giving commutativity of the Casimir up to chain homotopy. This 
paper presents new identities that are used for simplifying 2-morphisms in categorified SI2. 
We hope that the calculations in this paper will serve to further illustrate how complex 
computations can be performed in the graphical calculus for U. 
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for support via grant PP002-119088. M.K. is grateful to the NSF for partially supporting 
him via grants DMS-0706924 and DMS-0739392. A.L. was partially supported by the NSF 
grants DMS-0739392 and DMS-0855713 and would like to thank the MSRI for support in 
Spring 2010 when this work was almost completed. 



2 Casimir element and idempotented form of quan- 
tum 5(2 

2.1 Quantum 5X2 and the Casimir element 

The quantum group \J q {s\2) is the associative algebra (with unit) over Q(g) with generators 
E, F, K, K~ l and relations 

KR- 1 = 1 = K~ X K, (2.1) 
KE = q 2 EK, (2.2) 
KF = q~ 2 FK, (2.3) 
K - R- 1 

EF-FE = ^— . (2.4) 

q-q 

For simplicity the algebra U^sfe) is written U. For more details on quantum groups see 

ma- 

For a > we put [a] = ^Efr, H = [a][a - 1] . . . [1] and E^ = g, = g. We 
further define the integral form to be the Z[g, g _1 ]-subalgebra of U generated by 

{E ( > a \F ia \K ±1 \aeZ + }. (2.5) 

There are several 1i[q, g _1 ]-(anti)linear (anti) automorphisms that will be used in this 
paper. Let ~ be the (Q-linear involution of which maps q to q^ 1 . 

• The Q(g)-antilinear algebra involution -0: U — > U is given by 

tp(E) = E, ip(F) = F, i){K) = K~\ ip(fx) = fip(x) for / e Q(g) and x G U. 
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The (Q(g)-linear algebra involution u: U — > U is given by 

u(E) = F, u(F) = E, u(K) = K-\ 
co(fx) = fto(x), for / G Q(?) and x G U, 
u(xy) = uJ.(x)u(y), for x, y G U. 

The (Q(q , )-linear algebra antiinvolution g_: U — >■ U is given by 

q_{E) = E, a(F) = F, a(K) = K" 1 , 
g_(fx) = fa(x), for / G Q(q) and x G U, 
g_(xy) = <z(y)(l(x), for x, y G U. 
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The (anti)linear (anti)involutions pairwise commute and generate the group G = (Z2) 
of (anti)linear (anti) automorphisms acting on U. Throughout the paper we will also use 
the index two subgroup G± = umj, ^uia} of G and the coset G\G\ — {u, a, ifiu, ipa}. 

The Casimir element for U is given by 

q^K + qK- 1 ^ qK + q^K' 1 . , 

c:=EF+ q — 1—- = FE+ \ q . 2.6 

(q-q 1 ) i (q-q T 

It is easy to verify that Ec = cE, Fc = cF and Kc = cK. Moreover, c generates the center 
of U, and 

Z(XJ) = Q(q)[c}. (2.7) 
We will be most interested in the element 

C:= -{q-q- X fc = (—q 2 + 2 — q~ 2 )EF — q~ x K — qK^ 1 , (2.8) 
= (-q 2 + 2-q- 2 )FE-qK-q- 1 K- 1 . (2.9) 

Of course, 

Z(V) = Q(q)[C]. (2.10) 

The element C belongs to the integral form of U, and we call C the Casimir element. 
The symmetries in G preserve the Casimir element: 

±{C) = u(C) = a(C) = C. (2.11) 

Notice that the involutions ip, uo_, ifi uxr in G\ preserve the form of the Casimir in (12.81) and 
(I2.9p , while the involutions u, a, ipco, ipq_ in G \ G\ map one form of the Casimir element 
in fl2J| and <^M) to the other. ~~ ~~ 

All of these symmetries preserve the integral form of U. 
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2.2 Idempotented rings and their centers 

An idempotented ring A is a not necessarily unital associative ring equipped with a family 
of mutually-orthogonal idempotents lj, indexed by elements % of a set /, such that 

A=01 i Al i . (2.12) 

The center Z(A) of A is a subspace of fl ie j li-Alf consisting of elements Yliei z i suc h that 

ZiX = xzj (2-13) 

for any i,j & I and x £ liAlj. Z(A) is a commutative ring isomorphic to the center of the 
category of idempotented A-modules, i.e. A-modules M such that 

M = 01 f M. (2.14) 

ie/ 

An idempotented ring A has a unit element if and only if the set I is finite, in which case 

1 = $>. (2.15) 

iei 

For unital A, the center of A defined as above coincides with the usual center of A. 

2.3 BLM U 

The Belinson-Lusztig-MacPherson [2] algebra U is the (Q(g)-algebra obtained by modifying 
U by replacing the unit element with a collection of orthogonal idempotents l n for n £ Z, 

indexed by the weight lattice of sl 2 , such that 

Kl n = l n K = q n l n , El n = l n+2 E = l n+2 El n , Fl n = l n _ 2 F = l n _ 2 Fl n . (2.17) 

Similarly, the Z[g, g _1 ]-subalgebra of U is obtained from _4"U by replacing the unit 
element by a collection of orthogonal idempotents f)2.16p . such that 

Kl n = l n K = l n Kl n = q n l n , (2.18) 
E&l n = l n+2a # {o) = l n+2a E^l n , 
F<°>l n = l n _ 2o F(°) = l n _ 2o FW. 

The diagram below illustrates the various algebras considered so far 

A XJ< >U (2.19) 

! 1 

^u c — >Xj, 

9 



BLM U 
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where the rightward pointing arrows are the inclusions of subalgebras, and the squiggly 
arrows denote passing to the idempotent form of the algebra. See [IS] and the references 
therein for more details on the algebra U. 
There are direct sum decompositions 

u= i m tii n ^u= i m uu)i n 

with l m ( A Xj)l n the Z[q, g^J-submodule spanned by l m E^F^ b h n and l m F^E^l n for 
a, b G Z + (these elements are zero unless m = n + 2a — 2b). 

The algebra U does not have the unit since the infinite sum ^ ngZ l n does not belong 
to U; instead, the system of idempotents {l n \n G Z} serves as a substitute for 1. Lusztig's 
basis B of U consists of the following elements of U: 

(i) E^F {b h n for a,b G Z+, n G Z, n < b - a, 

(ii) F^E^l n for a,b G Z+, n G Z, n > b - a, 

where E^F^l b _ a = F^E^l b _ a . 

The (anti) involutions if), to, and a all naturally extend to U if we set 

V>(l n ) = l n , u(l n ) = l_ n , a(l n ) = l_ n . 

Taking direct sums of the induced maps on each summand l m Ul n allows these maps to 
be extended to U and ^U. These Z[g, g _1 ]-(anti)linear (anti)algebra homomorphisms are 
recorded below on some elements of ^U: 

u : q s l m E^F^ b h n ^ q s l_ m F^E^ b h_ n , (2.20) 
a : q s l n E^F^ b h n ^q s l_ n F^E^U n , (2.21) 

± : q s l m E^F^l n ^q- s l m E^F^ b h n , (2.22) 

where m = n + 2a — 2b. The group G acts on both U and ^U. 

There is a natural homomorphism from the center of U to the center of its idempo- 
tented form U that sends x G Z(XJ) to Ylnew, ^n x ^n- It is not hard to check that this 
homomorphism is, in fact, an isomorphism. Denote by 

C=Y[l n C (2.23) 

the image of C in U under this homomorphism. Let C ev — lTne2z; and C d — 
!Tne2z+i ^nC. Then C = C ev + C ev and 

Z(ft) = Q(q)[C ev ] x Q(q)[C od ]. (2.24) 
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We call Cl n components or terms of the Casimir element C. They are given by 



l n C = CI 



n 



{-q 2 + 2 - q- 2 )EFl n - {q n ~ l + q 1 ^)^, 
{-q 2 + 2 - q- 2 )FEl n - {q n+1 + q- l ~ n )l r 



(2.25) 
(2.26) 



Components are preserved by the symmetries in G± = {1, ip, ua, iIktu}: 



g(Cl n ) = CI 



n 



(2.27) 



for any g G G%. They are interchanged by the elements in the coset G\Gi = {a, u, ipa, ipu}: 



for any g' G G \ G\. In addition to sending l n to l_ n , the involutions in G \ G\ map one 
form of the Casimir in (I2.25P and ( 12 . 26[) to the other form. 

3 Brief review of sl(2)-calculus 

3.1 The 2-category U 
3.1.1 Definition of U 

Fix a field k. Here we recall the definition of the k-linear 2-category U = U(si2) introduced 
in [IS], see also [HCL2]. 

Definition 3.1. The 2-category U is the additive 2-category consisting of 

• objects: n for n G Tj. 

The horn U(n, n') between two objects n, n' is an additive k-linear category: 

• objects of U(n, n')\ for a signed sequence s = (ei, e 2 , . . . , s m ), where £i, . . . , s m G 
{+, — }, define 



where £ + := £ and £_ := J 7 . An object of U(n,n'), called a 1-morphism in U, is a 
formal finite direct sum of 1-morphisms 



for any t 6 2 and signed sequence e such that n' = n + J2J=i £ j%- 

• morphisms of U(n,n'): given objects £el n {t}, £^l n {t'} £ U(n,n'), the horn sets 
U(£eln{t},£e'^-n{t'}) ofU(n,n') are k-vector spaces given by linear combinations of 
diagrams with degree t — t', modulo certain relations, built from composites of: 



g'{Cl n ) = CI 



(2.28) 




£e_ln{t} = l n '£eln{t} 



11 



The 2-category U 



12 



i) Degree zero identity 2-morphisms l x for each 1-morphism x in U; the identity 
2-morphisms lei n {t} and ljri n {£} are represented graphically by 



L si n {t} 



l Tln{t} 



n + 2 



n 



n-2 



n 



deg 



deg 



and more generally for a signed sequence e = (ei, E2, ■ ■ ■ , e m ), the identity 
l£ £ i n {t} 2-morphism is represented as 



n 



n 



where the strand labelled £ £a is oriented up if e a = + and oriented down if 
e a = — . We will often omit labels from the strands since the labels can be 
deduced from the orientation of a strand. 



ii) For each n G X the 2-morphisms 



2-morphism: 


n + 2 „ 


. n 
> 


n - 


-n + 2 


X" 


A 


Degree: 


2 


2 


-2 


-2 



2-morphism: 


n 


^— ^ n 






Degree: 


1 + n 


1 — n 


1 + n 


1 — n 



such that the following identities hold: 
• cups and caps are biadjointness morphisms up to grading shifts: 



n 




n + 2 



n 



n 



n 




n 



n + 2 



n + 2 



(3.1) 
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n 




n + 2 



NilHecke relations hold: 



n + 2 



n + 2 




n 



n 



n 



(3.2) 



n + 2 




X 1 

°- fx 

XI 



n 




n 



(3.3) 



n 



n 



(3.4) 



All 2-morphisms are eyelid^ with respect to the above biadjoint structure. This is 
ensured by the relations: 



(3.5) 



n 


< 


» 


n - 
= ( 


'n + 2 

» = 


< 


► - 








n + 2 


n 


u 






n 




(3.6) 



The cyclic condition on 2-morphisms expressed by ( 13. 5ft and ( 13. 6p ensures that iso- 
topic diagrams represent the same 2-morphism in U. 

It will be convenient to introduce degree zero 2-morphisms: 



n 



X 



X 



n 




n 




n 



(3.7) 



n 




n 




(3.8) 



■""See [15| and the references therein for the definition of a cyclic 2-morphism with respect to a biadjoint 
structure. 
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where the second equality in (13. 7p and (13. 8 p follow from (13.61) . We also write 

\ 

n in 

a , 



( 



) 



to denote the a-fold vertical composite of a dot with itself. 
All dotted bubbles of negative degree are zero. That is, 



n 



n 





for all a G 



= if a < n - 1, tj =0 if a < -n - 1 

a 

A dotted bubble of degree zero equals 1: 



(3.9) 



n 



n 



o 



1 for n > 1, 



n-l 



o 



1 for n < — 1. 



-n-l 



It is often convenient to express dotted bubbles using a notation introduced in [13 
that emphasizes the degree: 



n 



O - O 

(n-l)+o 



o - o 

(— n— 1)+q 



so that 



71 > 



deg 



o 



2a 



deg 



Q 



2a. 



The value of A depends on the orientation, = — 1 for clockwise oriented bubbles 
and 4|k = — n — 1 for counter-clockwise oriented bubbles. Notice that for some values 
of n it is possible that 4k+a is a negative number even though a > 0. While vertically 
composing a generator with itself a negative number of times does not make sense, 
having these symbols around greatly simplifies the calculus. For each 4 + a < 0, 
where 



O 



n n 



> 



we introduce formal symbols, called fake bubbles, inductively defined by the equation 



inn n \ / n n 

, *+0 $+1 *+a / \ *+0 *+a 



1. 



(3.10) 



14 



The 2-category U 



15 



and the additional condition 



n 



n 



o - o 



4»+0 



Equation (I3.10P is called the infinite Grassmannian relation. It remains valid even 
in high degree when most of the bubbles involved are not fake bubbles. See [15] for 
more details. 

For the following relations we employ the convention that all summations are increas- 
ing, so that X)/=o is zero if a < 0. 




n 



E 

fl+h=-n 




n 



*+/2 




n 



E 

9i+92=n 




A+92 



91 



(3.11) 



n 



n 




n 



n 



n 




n 



h 



E Q 

h+h+h , * +/2 



n 



E O 

91+92+93 *+92 
=-n~l 



(3.12) 



for all n E 7L. In equations (13.111) and ( 13. 12f) whenever the summations are nonzero 
they utilize fake bubbles. 

the additive composition functor U(n, n') x Uiri! ', n") — > U(n, n") is given on 1- 
morphisms of U by 

£An>{t'} x £el n {t} ^ £ ejL l n {t + t'} (3.13) 
for n' — n + J^^Li and on 2-morphisms of U by juxtaposition of diagrams 



/ 




/ 




\ 




n 
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3.1.2 Relations in U 



In this section we collect some relations that follow from the definition of U. These relations 
were proven in [15]. 



/i+/2=a-l 



For all n G Z the following equation holds 




n - 




n 



E O 

rV 3 



/1+/2+/3+/4 



92 



E 



71 31+32+93+94 
=-n-2 



XJ (3.15) 

93 *+94 



where the first sum is over all fi, / 2 , ^3, f$ > with f% + f 2 + fa + — n and the second 
sum is over all gi,g 2 , #3, <?4 > with gi + g 2 + #3 + = —n — 2. Recall that all summations 
in this paper are increasing, so that the first summation is zero if n < and the second is 
zero when —2 < n. By rotating this equation and shifting n we also have 




n 




n 



E 



/1+/2+/3+/4 

=n-2 



Dotted curl relations: 



n 



/3 A 



E O " 



91+9^3+94 * +S ^ 3 



92 



(3.16) 




/1 



E 

fi+h=x-n 



One can also show the relations: 




n 



n 



n 



n 



n 



*+/2 




E 



9l+92=x+n 




*+92 



91 




h 



n 

x + 




n 

X + 



E O 

/1+/2+/3 * +/2 

E O 



91+92+93 *+92 
=x+yH — n— 1 3s 



(3.17) 



(3.18) 



16 



The 2-category U 



17 



Bubble slide equations: 
n 



n 





*+(i-2) 



n 




*+(?-!) 




(3.19) 




n 



n 




n 





+ 



n + 2 



n 





(3.20) 



(3.21) 




n 



(J + 1 - /) 



7? 



3-/ 




(3.22) 



Below we collect a few additional identities that have not appeared in the literature 
previously. 

The following relation together with its image under the various symmetries of the 
2-category IA will be used extensively in the paper. 

Proposition 3.2. 




n 




n 



n 




n 













n 



n 



0. (3.23) 



The proof utilizes the nilHecke relations to slide dots as well as (I3.16p . 
Proposition 3.3 (Step functions). 




n 



rx 



rx 





n 



if n < 
otherwise, 
if n > 
otherwise. 



(3.24) 



(3.25) 
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Proof. This proposition follows immediately from the Dotted Curl Relations ( I3.17p . □ 
Proposition 3.4. 



if n = 0, 

*-h ( 3 -26) 



n 



LKJ 








otherwise. 



Proof. This proposition follows from the Curl relations in U together with the positivity 
of bubbles axiom. □ 

3.2 The 2-categories U, Kom(U), and Com(U) 

3.2.1 Additive categories, homotopy categories, and Karoubi envelopes 

For an additive category Ai we write Kom(Ai) for the category of bounded complexes in 
Ai. An object (X, d) of Kom(Ai) is a collection of objects X 1 of Ai together with maps 
di 



^X l 



>X i ^X i+1 ^--- (3.27) 

such that d i+ idi = and only finitely many objects are nonzero. A morphisms / : (X, d) — > 
(Y, d) in Kom(Ai) is a collection of morphisms fi\ X 1 Y l such that 



/i+l 

Y i+l 



(3.28) 



commutes. 

Given a pair of morphisms /, g : (X, d) — > (Y, d) in Kom{}A), we say that / is homotopic 
to g if there exists morphisms h l : X 1 — > Y l ~ x such that f% — g% = h l+l di + di_\h % for all i. 
A morphism of complexes is said to be null-homotopic if it is homotopic to the zero map. 

Definition 3.5. The homotopy category Com(Ai) has the same objects as Kom(Ai), and 
morphisms are morphisms in Kom(Ai) modulo null-homotopic morphisms. 

The Karoubi envelope Kar(Ai) of a category M. is an enlargement of Ai in which all 
idempotents split. An idempotent e: b — > b in a category M. is said to split if there exist 
morphisms 



+ b 



such that e = hg and gh = Idy. More precisely, the Karoubi envelope Kar {M) is a 
category whose objects are pairs (b, e) where e: b — > b is an idempotent of Ai and whose 
morphisms are triples of the form 



(e, /, e') : (b, e) -> (6', e') 
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where / : b — > b' in Ai making the diagram 




(3.29) 



commute. Thus, / must satisfy / = e'fe, which is equivalent to / = e'f = fe. Composition 
is induced from the composition in Ai, and the identity morphism is (e, e, e) : (b, e) — > (b, e). 
When Ai is an additive category, the splitting of idempotents allows us to write (6, e) G 
Kar(Ai) as im e, and we have b = im e © im (Id& — e). 

The identity map Id?, : b — > b is an idempotent, and this gives rise to a fully faithful 
functor Ai — > Kar (Ai). In A'ar(.M) all idempotents of Ai split and this functor is 
universal with respect to functors which split idempotents in Ai. When Ai is additive the 
inclusion Ai — > Kar (Ai) is an additive functor (see [T5| Section 9] and references therein). 

Proposition 3.6. For any additive category Ai there exists a canonical equivalence 

Kom (Kar(M)) = Kar (Kom(M)) . (3.30) 

Proof. Define the functor 

p M : Kom(Kar(M)) ->• Kar(Kom(M)) (3.31) 
as follows. An object of Kom(Kar(Ai)) has the form 

(X, e) = ■ ■ ■ ^ (X\ (X*+\ e l+1 ) ^ ■ ■ ■ (3.32) 

where ef = e^, di + \di = 0, and di = e i+ idiei. Here : X 1 — >■ X* is an idempotent and 
c?j : X* — 7- X l+1 . The functor takes this object to the pair in Kar(Kom(Ai)) consisting 
of the complex 

X= >x i >X l+1 >••■■ (3.33) 



and the idempotent chain map (. . . , e*, ej + i, . . . ). A morphism /: (X, e) — >■ (X',e') in 
Kom(Kar(Ai)) is a collection of maps /j: X % — > (X') % such that the squares 



X 



di 



fi+l 



(3.34) 



commute, and fi = e^fiCi. The functor pm takes the morphism / to the "same" morphism 
{fi} of complexes equipped with idempotents (. . . , e,, e i+1 , . . . ) and ( 
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It is easy to see that pm is fully-faithful. To show p» is essentially surjective note 
that any object Y of Kar(Kom(M)) is isomorphic to pj^(Y) for some object Y of 
Kom(Kar(M)). The object Y consists of a complex 

Y= >Y l >. y»+i — L> . . . (3.35) 

in Kom(Ai) together with idempotents e^: Y % — >• such that 

e i+ i<ii = d»ei. (3.36) 

Let Y be the object 

. . . d - ie '- 1 > (y* f 6i ) (yi+i, e i+1 ) d ' +l£ ' +1 » ■ ■ ■ (3.37) 

in Kom(Kar(M)). We can define morphisms : y — )■ p_A/((Y) and <^2'- Pm(X) Y in 
Kar{Kom{M)) that are both given on Y % as multiplication by ej. Then ^2^1 = Wy 
and y?i</?2 = Id^/y^, showing that Y and pvn(y) are isomorphic. Together with fully- 
faithfulness of pm this completes the proof that pm is an equivalence of categories. □ 

Proposition 3.7. For any additive Ik-linear category M. with finite dimensional horn spaces 
there exists a canonical equivalence 

Com (Kar(M)) = Kar (Com(M)) . (3.38) 

Proof. The functor p_M descends to a functor 

p c M : Com(Kar(M)) ->• Kar(Com(M)). (3.39) 

Given an object X of Com(Kar(A4)) we can view it as an object of Kom(Kar(Ai)). 
By the idempotent-lifting property for finite-dimensional algebras [J, Chapter 1] an idem- 
potent of Com{Kar(M)) lifts to an idempotent in Kom(Kar(M)) ) and the latter cat- 
egory is idempotent-complete by the previous proposition. Therefore, Com(Kar(A4)) is 
idempotent-complete as well, allowing us to define a functor 

p M : Kar(Com(M)) -» Kar(Com(Kar(M))) ~ Com(Kar(M)) (3.40) 

such that p M p M = ^ Kar ^ 0o m(M)) , PmPm — ld Com(Kar(M)), showing that p c M is an equiva- 
lence. □ 

Alternatively, the result follows from [TJ Corollary 2.12]. 
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3.2.2 Karoubian envelope of hi 

Definition 3.8. Define the additive 2-category hi to have the same objects as hi and 
horn additive categories given by lA(n,m) = Kar (hl(n,m)). The fully-faithful additive 
functors lA(n, m) — > hi(n, m) combine to form an additive 2-functor hi — > hi universal with 
respect to splitting idempotents in the horn categories hi(n,m). The composition functor 
hi (n, n') xhi(n', n") — > hi (n, n") is induced by the universal property of the Karoubi envelope 
from the composition functor for hi. The 2-category hi has graded 2-homs given by 

HOM w (x,2/) :=0Hom w (x{t},|/). (3.41) 

Theorem 3.9 (Theorem 9.1.3 [15J). There is an isomorphism 

7 : ti A ^K (U), (3.42) 

where K (hi) is the split Grothendieck ring of hi. 

In [T3J Corollary 5.14] this result is proven when the ground field Ik is replaced by the 
commutative ring Z. 

3.2.3 Karoubian envelopes of KomilA) and Comihi) 

Definition 3.10. Define KomilA) to be the additive 2-category with objects n e !Z and 
additive horn categories Kom(hi)(n,m) := KomilA (n,m)). The additive composition 
functor Kom (hi(n', n")) x Kom (hi(n, n')) — > Kom(hi(n, n")) is given by the tensor prod- 
uct of complexes using the additive composition functor on hi to tensor 1-morphisms via 
composition. 

Definition 3.11. Define Comihi) to be the additive 2-category with the same objects 
and 1-morphisms as KomilA) and 2-morphisms given by identifying homotopy equivalent 
2-morphisms in KomilA). 

Recall that hi = Kar (hi). By Propositions 13.61 and 13.71 there are equivalences 

KariKomilA)) KomilA), Kar(Com(lA)) = ComilA). (3.43) 

The 2-categories we consider fit into the following table where the horizontal arrows de- 
note passage to the Karoubian envelope and vertical arrows stand for passage to complexes 
and modding out by null-homotopic maps. 

U >U = KarilA) 



Kom{hi) > Kom(lA) Kar(Kom(hl)) (3.44) 



Com{U) >Com{lA) Kar{Com{hl)) 
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3.3 Symmetry 2-functors 

A covariant /contravariant functor a: Ai — > AA' extends canonically to a functor 

Kar(a): Kar(M) ->■ Kar(M'). 

An additive covariant /contravariant functor a: Ai — > M! between additive categories 
extends canonically to an additive functor 

Kom(a): Kom(M) ->■ Kom(M') 

and an exact functor Com(a) : Com(Ai) — > Com(Ai') between triangulated categories. 

Given an exact endofunctor a: — > M. these extensions respect the equivalence pm 
in (I3.3ip . in the sense that the diagrams 

Kom{Kar(M)) — > Kar(Kom(M)) 



K om(K ar(a)) 



Kar(Kom(a)) (3.45) 



Kom(Kar(M)) — > Kar(Kom(M)) 



Com{Kar{M)) — > Kar{Com{M)) 



Com(Kar(a)) 



Kar(Com(a)) 



(3.46) 



Com(Kar(M)) — >■ Kar(Com(M)) 



commute. 

In this section we recall several 2-functor involutions u, ijj, a on the 2-category U defined 
in [15] and extend them to 2-functors on all the 2-categories in (13.441) . We use the same 
notation for these extended 2-functors. 

Denote by U op the 2-category with the same objects as U but the 1-morphisms re- 
versed. The direction of the 2-morphisms remain fixed. The 2-category U co has the same 
objects and 1-morphism as U, but the directions of the 2-morphisms is reversed. That is, 
U co (x,y) = U(y,x) for 1-morphisms x and y. Finally, U coop denotes the 2-category with 
the same objects as U, but the directions of the 1-morphisms and 2-morphisms have been 
reversed. 

Using the symmetries of the diagrammatic relations imposed on hi 2-functors were 
defined in [15] that categorify various 1i[q, g _1 ]-(anti)linear (anti) automorphisms of the 
algebra U. The various forms of contravariant behaviour for 2-functors on U translate into 
properties of the corresponding homomorphism in U as the following table summarizes: 
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2-functors 


Algebra maps 


u ->■ u coop 


7i[q, g _1 ]-linear homomorphisms 
1i[q, g _1 ]-linear antihomomorphisms 
1,[q, g _1 ]-antilinear homomorphisms 
7j[q, g _1 ]-antilinear antihomomorphisms 



Rescale, invert the orientation, and send n i— y —n: Consider the operation on 
the diagrammatic calculus that rescales the crossing t— y — , inverts the 

orientation of each strand and sends n i— y —n\ 




This gives a strict invertible 2-functor uj:IA -^Li 

uj:U ->• U 

n i — y —n 

l m £ ai T^S a2 ■■■£ ak T h l n {s} ^ \_ m T ax E^T^ •••J rQfe £ / M_ n {s}. (3.47) 

This 2-functor extends to a 2-endofunctor 

u: Kom(U) ->■ Kom(U), 

n i — y —n 

(*,d) H- >u(X^)^^u(X*)-^u(X^)^--- 

fi-.X^Y ^ u(fi):uj(X)^uj(Y), (3.48) 

and a 2-endofunctor on all the other 2-categories in (13. 44ft . 

Rescale, reflect across the vertical axis, and send n i— y —n: The operation on 
diagrams that rescales the crossing i— y — r ^ , reflects a diagram across the 
vertical axis, and sends n to — n leaves invariant the relations on the 2-morphisms of U. 
This operation 
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is contravariant for composition of 1-morphisms, covariant for composition of 2-morphisms, 
and preserves the degree of a diagram. This symmetry gives an invertible 2-functor 

<t:U ->■ U op , 
n i — y —n 

l m £ ai J :Pl £ a2 ---£ c "'J :Pk l n {s} h> l^ n J :Pk £ ak J TPk - 1 ---J Tfil £ ai l_ m {s} 

that acts on 2-morphisms via the symmetry described above. This 2-functor extends to a 
2-functor 



a: Kom(U) -> Kom(U) 
n i — y —n 
(X,d) h-> .... 



o-(di_i) 



and, likewise, a 2-endofunctor on all the other 2-categories from ( I3.44p . 



(3.49) 



Reflect across the x-axis and invert orientation: Here we are careful to keep track 
of what happens to the shifts of sources and targets 



4> 



{*'} \ 



V 




{-*} 



{*} / 




{-*'} 



Shift reversals on the right hand side are required for this transformation to preserve the 
degree of a diagram. This gives an invertible 2-functor 

-> U co , 
n i — y n 

l m £ ai F Pl £ a2 ■■■£ ak ^n n {s} i — y l m £ ai F pl £ a2 ■ ■ ■ £ ak F Pk l n {-s}, (3.50) 

and on 2-morphisms ip reflects the diagrams across the x-axis and inverts the orientation. 
Since ij) is contravariant on 2-morphisms in U, this 2-functor extends to a 2-functor 



V>: Kom(U) -> Kom(U), 
n h-> n 

^ ^P^ 1 )^ 1 



>(x*) V ' (d " l) > ^(^- 1 ) 



(3.51; 
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and, likewise, a 2-endofunctor on all 2-categories in (I3.44p . Notice that if> inverts the 
homological degree so that if) acts on a complex (X, d) in Kom{U) by (ipX) 1 = if){X~ l ). 



These 2-functors are involutive and commute with each other 'on-the-nose': 

aip = ifjcr, uif> = if)u, 



uoa = u<7, 



(3.52) 



generating a group Q = (Z 2 ) 3 of 2-functors acting on all the 2-categories in (I3.44p . Equiv- 
alences in table (I3.44p respect this action. On the Grothendieck group of U the 2-functors 
if>, u, a descend to (anti) involutions if), u, and a on ^U. 



4 The Casimir complex 

4.1 The Casimir complex and its symmetries 

We sometimes represent the Casimir complex (I1.6P using the notation 

«.= (U v ) (-U U " 



£\Fl n {2}©l n {l-n} 



XJ 



J 



V rx 



rx J 



■> £J"l„{-2}©l n {n-l}. 



or 



Cl n :-- 



£Tl n {2} 
ln{l-n} 



u 
u 



XJ \ 



u u 



\ rx 



rx I £n n {-2} 

ln{n-l} 



(4-1) 

We will interchange freely between these methods of depicting the complex Cl n . 

The placement of minus signs in the above complex is arbitrary as long as each square 
anticommutes. In fact, we get different placements of the minus signs and dots using the 
symmetry 2-functors defined in Section [331 



ln{l-«} 



'-Ti 

u 



XJ \ 



XJ 



( 



— > . 

£TX r , 



u n 



\ rx 



rX U en n {-2} 

ln{n-l} 



(4.2) 
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acu(Cl r 



£Tl n {2} 
l»{l-n} 



(U 
?T 



XJ \ 



XJ 



ETX r , 



u u 



V o- 



l„{n-l} 



(4.3) 



aui/j(Cl n ) 



£\F1„{2} 

l n {l-n] 



<-u 

Tl 



XJ \ 



XJ 



J I £T\ r 
— ¥ . 

£Tl r . 



Ti U 



Or H «T.»{-2} 

l„{n-l} 



(4.4) 



It is trivial to check (see also Proposition 14. ll below) that these complexes are all isomorphic 
to the Casimir complex Cl n . We will write Q\ = {Id, ijj, ua, tpua} for the subgroup of 
symmetry 2-functors in Q = (Z2) 3 that preserve the Casimir complex. 

Just as the symmetries in G \ Gi = {u, a, "0a;, ipq} interchange between the two forms 
of the Casimir element 

G\Gi 



-q 2 + 2 - q- 2 )EF - q~ x K - qK~ l 



-q 2 + 2- q- 2 )FE - qK - q^K' 1 , 



G\Gi 

we can write down a categorification of the idempotented Casimir element in the form 

(-q 2 + 2 - q~ 2 )FEl n - (g— 1 + q l+n )l n (4.5) 

by applying symmetry 2-functors in Q \ Q\ = {u, a, i/juj, ifiu} to the Casimir complex Cl_ n . 
Depending on which 2-functor in Q \ Q\ is chosen, we will get a different placement of minus 
signs and dots: 



<j{Cl- n ) 



T£l n {2} 
ln{l+n} 



a? 
it 



r - iT I? 



T£\ r 



\ o\ 



^O J f F£l n {-2} 

^ l„{-n-l} 



(4.6) 
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w(Cl_„) 



•F£l„{2} 
l„{l+n} 



(it 
if 



/ _ 



T£\ n 
T£\ n 



I? it 



V 4T\ 



~ r !„{-«-!} 



(4.7) 



a^(Cl_ n ) 



it 



J-£l„{2} \ \ XT 
ln{l+n} 



it 



I? it 



^ FSln J I l„{-n-l} 



(4i 



J-£l„{2} \ \ 
ln{l+n} 



(i-T I?] 

V ^gln J \ l„{-n-l} y 

(4.9) 



The first complex is identical to the complex C'l n in ( II. 7p . The four complexes above are 
isomorphic to one another in Kom(U). In Proposition 14.11 below we will show that they 
are homotopy equivalent to the complex Cl n . 

Proposition 4.1. 

a) For any g G Q\ and g' £ Q \ Q\ there are chain isomorphisms Cl n ~ g(Cl n ) and 
homotopy equivalences Cl n ~ g'(Cl_ n ) given by chain maps 



<t(C1_) 













>■ 



->^(Cl_ n ) 



I 

w(Cl_ n ) 



>V(Clr 



(4.10) 



...3^) 
'""■■■A 

>c^(Cl_ 



cro;(Cl n ) 



■ au)t/)(Cl r 
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where the solid lines represent chain isomorphisms and the dotted lines represent chain 
homotopy equivalences. We denote the inverse of a map g 9 by g 9 for g e Q. 

b) The triangles on the left and right in (I4.10p commute and the four remaining squares 
anticommute. 

c) Complexes Cl n and C'l n are homotopy equivalent. 
Proof. We define explicit chain isomorphisms 




as well homotopy equivalence 



Q" 



Cl„ cr(Cl n ). 



While the maps (r and g auJ are rather uninteresting, it is convenient to fix them. 
Define g^ : Cl n -> ip(Cl n ) and its inverse g^ : ip(Cl n ) -> Cl n by 

^)-.=("o Ti !) ^ ! =(t°l"o TX ) w« : = ( T o X -°i ) (4 - 12) 

where Cl n and i/j(Cl n ) are given in (14. ip and (14.81) . The map g uu} : Cl n — > au(Cl n ) and its 
inverse g^"^ : aaj(Cl n ) — )■ Cl n are given by the chain maps 

(^(Tl°) ^v--(^) or%,=-(-JJ- <-) 

(S -. Ll := C TIM (^ )o: =(° U) (r") +i: =(-JI °) (4.i4) 



c iij ^ '°- VTI y "v o -i 

with cru;(Cl n ) given by (14. 3p . We sometimes express chain maps using cube-like diagrams. 
For example, the (rather obvious) chain maps g auJ : Cl n — > o-oj{Cl n ) and 'q?^ : au(Cl n ) — )■ 
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Cl n can be depicted as 

n 



£J r l n {2} 



- T I 




OTn{2} 





n 




















U 






r 





l„{n-l} 



l n {l - ri} 



r£J-l n 



where 
and 



-*l„{ra- 1} 

^ - rv 

(4.15) 

eT = <T = sT = -eT = qT = -qT = ^ ln , (4.ie) 



ft "ft "ft ""ft — id ^ln ft -~ft - icl ln- I 4 - 1 ') 

The interesting maps here are (f : Cl n — >■ cr(Cl_ n ) and its homotopy inverse QP : cr(Cl_ n ) — >• 
Cl n , given by the diagram 



-+£.F1 T 



^OT n {-2} 



£<2 



1„{1 



n 



,{2} 



U/7 


11 








f 






n 























£>r, 



r 


M 




eg 

























07 



^l„{-2} 



l n {l +n} 



l n {-n-l} 
(4.18) 
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where 



e° = el = el = e" 



X 



"2 



rx « 



£0" 

/1+/2 v J+/ 2 

=-n-l 



Pa 



-9- 



^8 



=n— 1 



-X s 



«0 



So 



n 



-XJ 



/1+/2 

=— n— 1 



=n-l 



/2 trio 



+/2 



9- 



The chain homotopies ^p" 7 — Id ~ 0, f? 7 ^ — Id ~ are given by 
hi 

£J r l n {2} 



>OT n {-2} 




l n {n - 1} 
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where 



hi = h 3 



/l+/2+/3 /g 



=n-2 



^ = ^3 



+/2 

rv 

91+92+93 flo—" 
=a:+!/-ri— 2 -f ^ 



/1+/2 f\ 



E 



2--Q 

fl+/2 <f- 



~ e 5^+a 

/1+/2 ^1 

=— n— 1 



=n-l 



E o 

/1+/2 <P- 



+/2 

(4.20) 



=— n— 1 



One can verify the following equations 



g°g^ - Id 



Id 



/i'<i + dh' . 



The chain maps just defined satisfy 



ah*) = r, 



u(g au 



= vie 



+ /2 

(4.21) 



(4.22) 
(4.23) 



(4.24) 
(4.25) 
(4.26) 



To prove part |b] of the proposition one can check by direct computation that the front 
square in (14.101) anticommutes. The back solid square is just a applied to the front solid 
square so it also anticommutes. The leftmost square commutes on the nose and we define 
maps 



<T{f u ) ° g° 



(4.27) 



using these commutative squares. The rightmost square is just if) applied to the leftmost 
square so it also commutes on the nose. The top square can be shown to anticommute. 
After observing that %l)uj(g a ) = ipujaijP) and w(^ CT ) = ua(g u ) the anticommutativity of the 
bottom square follows since it is just ua applied to the top square. 

Part [c] follows immediately from part [a] since C'l n = cr(Cl_ n ). □ 

Theorem 13.91 and the results in section 13.21 imply that 

K (Kar (Kom(U))) = K (Kom (Kar(U))) = K (Kar(U)) = K (U) = A ti. (4.28) 
Under this isomorphism 



[CI, 



c\ n . 



(4.29) 
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4.2 Commutativity of the Casimir complex 
4.2.1 Commutativity chain maps £ and £~ 

Definition 4.2. Define chain maps £~ = £,~l n '- -FCln — > CT\ n and £~ = £~l n : CT\ n — > 
TC\ n as follows: 
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The map £ l n is defined via £ l n using symmetry 2-functors: 

ri n :=^o^(fl n )o^. 



(4.31) 



More explicitly, 





+ E 



/1+/2+/3 

= ?1-1 
l</l 




E,V& 

=n-l 
l</i 



+ 5 n i 





+ E 



/1+/2+/3 

=n-l 



1 

*+/2 




+ 8nA 



+ E 



/1+/2+/3 

=n-l 




1 *f/ 2 





E 



/1+/2+/3+/4 

=n-2 






E 



/1+/2+/3+/4 

=n-2 
l</3 




+ E 



/1+/2+/3 

=n-l 

l</3 



"''-Q 



Remark 4.3. Note that when n < all terms involving bubbles are zero. 



Proposition 4.4. The maps £ and £ defined above are mutually-inverse chain homotopy 
equivalences between J-"Cl n and CT\ n . 

Proof. To check that the maps £~ and £~ are chain maps it suffices to verify this claim for 
the map £~ since £~ is defined from £~ via (I4.3ip . This is proven by direct computation. 

Below we give explicit chain homotopies Id — £ - £~ = hd + dh and Id — £ - £~ = h'd + dh' 
showing that £~ and £~ are mutually-inverse homotopy equivalences. 
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To simplify notation we write 



0(n) := 



1 if n > 0, 
if n < 0. 



(4.33) 



/i5 



^1 



+ E 



V if 



h+h+h+h 

=n— 3 



/1+/2+/3 

=n-2 



0/2 „ 

E O 



K = K 



-h 3 = hi 




- E 



h 



/1+/2+/3 

=n-2 



■Q 

/2 * +/3 



E 

/1+/2+/3 

=n-2 



/ 3 * + /2 

r -V 



(4.34) 



(4.35) 



(4.36) 



(4.37) 



h' 





n 



e(n-i; 



E 

/1+/2+/3. 

=ra— 1 



fl Vf/2 (4.3? 

- rt 3 
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h' 



+ E 



h+h+h 

=n-l 
l</i 



o 

/l * + /2 

- r^ 3 




E 

/1+/2 

=71-1 



o 

r^ 1 



(4.39) 



+ E n *f} 





=n-l 
l</i 



^4. 

*+/ 2 




£ 

/1+/2 

=n-l 



•Q 

* + /2 



(4.40) 



e(n-i) 



E f*>Q 



=n— 1 



(4.41) 

The rather nontrivial computation that these maps are the required homotopies is 
omitted from the paper. 

□ 



4.2.2 Commutativity chain maps £ + and £ + 
Definition 4.5. We introduce chain maps 

= := £^ w o uj(j(CW o Q C7UJ £ : C£l n £Cl r 

and 



(4.42) 
(4.43) 



The diagrams 

n 



£2" 



au(Cl n )£l n — —f£au{Cl n )l, 
commute by definition. 



£aui{Cl n )l 1 



+ C£l n 
¥au(Cl n )£l n 



(4.44) 



Proposition 4.6. The maps £ + and £ + defined above are mutually-inverse chain homotopy 
equivalences between £Cl n and C£l n . 



Proof. The Proposition follows at once from (14.421) . (14.43 p . and Proposition 14.41 



□ 
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4.3 Indecomposability 

4.3.1 Indecomposability of Casimir complexes 

Since l n is indecomposable for all n, morphisms l n {l — n}, l n {n — 1} are as well. The 
1-morphisms ET\ n {— 2}, £J-T n , and £J r l n {2} appearing in various direct summands of 
the complex Cl n are indecomposable when n < 0. Assuming n < each of the eight maps 
describing the differential in Cl„ belongs to the graded Jacobson radical of the category 
U(n,n). This implies that Cl„ does not contain any contractible summands if n < 0. 

Proposition 4.7. The complex Cl n given by (11. 6p is indecomposable in Kom{U) if n < 0. 

Proof. Assume n < so that Cl n consists of 6 terms, all indecomposable. Those terms 
belong to the category U(n, n), which is Krull-Schmidt with finite dimensional horn spaces. 

There are no horns (of degree zero) l n {l — n} — > SJ r l n {2} for any n. The degree zero 
horn space £J-T n {2} — > l n {l — n} (for n < 0) is nontrivial only when n = 0, and then it is 
spanned by the diagram f\. Consequently, (Cl n ) _1 = £J r l n {2} © 1„{1 — n} has only one 
possible direct sum decomposition for n < 0, and a one-parameter family of direct sum 
decompositions for n = 

(C1 )- 1 =X®1 {1}, (4.45) 
where X = £J-To{2} is the image of SJ r lo{2} in (Clo) -1 under the homomorphism 

Id 

£F1 {2} v a ^ ' > g^l {2} © 1 {1} (4.46) 

for a G k. Any direct sum decomposition of (Cl n )° = ET\ n © ET\ n is determined 
by a 2 x 2 invertible matrix with coefficients in k. There are no horns (of degree zero) 
£J-T n {— 2} — > l n {n — 1}, and the degree zero horn space l n {n — 1} — > ET\ n {_— c 2\ is 
nontrivial only when n = 0, and then it is spanned by \J. Therefore, for n < direct sum 
decomposition of (Cln) 1 is unique, and for n = any direct sum decomposition in W(0, 0) 
of (Clo) 1 = £F1q{-2} © 1 {-1} has the form 

{Clv) l ~£Fl,{-2}®Y (4.47) 

where y~l {r2, — 1} is the image of lo{ — 1} in (Clo) 1 under the homomorphism 

Id 

1 {-1} ^OTo{-2}©1 {-1} (4.48) 

for some b G k. 

Suppose that for some n < there exists a nontrivial direct sum decomposition Cl n ~ 
Ci (BC2 in Kom(U). Then, from the above discussion, we know that the summand l n {l — 
n} C (Cln) -1 must be either in C\ or C 2 . We can assume it belongs to C\. Applying the 
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differential in Cl n and the classification of direct sum decompositions of (Cl n )° we see that 
C\ must contain the diagonal summand of (Cl n )°, the image of 



Further application of the differential and very few available direct sum decompositions of 
(Cln) 1 tell us that C\ must contain the summand £J-T n {— 2} of (Cln) 1 . 

If (C2) _1 7^ 0, then (C2)™ 1 = X, described above, for some a £ k. Then dX must lie 
inside a summand of (Cl„)° isomorphic to ET\ n . A simple computation shows that this is 
impossible. Therefore, (C 2 ) _1 = and (C_i) = (Cl n ) _1 . Applying the differential to (Ci) _1 
we quickly conclude that (Ci)° = (Cl n )° and then (C1) 1 = (Cln) 1 . Hence C 2 = supplying 
a contradiction. □ 

Corollary 4.8. The complex C'l n = a(Cl_ n ) is indecomposable in KomiU) if n > 0. 

Assume n < 0. Since Cl n and C'l n are isomorphic in ComiU) by Proposition 14.11 an d 
TE\ n — ET\ n ©[„] l n , we conclude that C'l n is isomorphic in KomiU) to the direct sum 
of Cl n , contractible complexes 

>l n {n-l-2£ + 2}-^l n {n-l-2£ + 2} >0, 0<£<n-l (4.50) 

concentrated in cohomological degrees -1 and 0, and contractible complexes 

> \ n {n-\-2i -2}^^ l n {n- 1-2^-2} >0 , 0<£<n-l (4.51) 

concentrated in cohomological degrees and 1. When n = complexes Cl ra and C'l„ are 
isomorphic in KomiU) via Proposition 14.11 

When n > there is a similar isomorphism in KomiU) between Cl n and the direct 
sum of C'l n and contractible complexes. 

In the complex C'l n = cr(Cl_ n ) the 1-morphisms 1„{1 + n}, 1„{— n — 1}, T£\ n {— 2}, 

l n , and J-"£l n {2} in the direct summands are all indecomposable when n > 0. In 
this way, the symmetry 2-functor a plays an important role allowing us to switch between 
complexes Cl n and C'l n . 

The commutativity chain maps studied above reduce drastically when we work with 
the indecomposable version of the Casimir complex. Below we collect these maps for later 
convenience. 

4.3.2 Chain maps £ and £ in indecomposable case 
When n < the maps in Definition 14.21 simplify to 



ET1 




(4.49) 



n 
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In the diagrams above we have omitted the label n on the far right region of each diagram 
for simplicity. We will sometimes make use of this convention in the following sections 
when the labelling of each region is clear from the context. 

4.3.3 Chain maps £ + and £ + in indecomposable case 

For n < the chain maps £ + : C£l n — > £Cl n and £ + : SCl n — > CSl n defined in f )4.42p and 
( I4.43P can be written as 
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4.3.4 Chain maps cr(£ ) and cr(£ ) in indecomposable case 

When n > it is useful to work with the indecomposable in KomiU) complex a(Cl- n ) 
instead of Cl n . For n > the maps 

Cln := <r(r l-n+ 2 ) : ^(Cl_ n ) cx(Cl_ n+2 ) Jl n (4.53) 
Cln := <r(r l-*+2) : ^(Cl_ n+2 )^1„ -> ^(Cl_„) (4.54) 

simplify to the form 
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4.3.5 Chain maps and cr(£ + ) in indecomposable case 

For n > the chain maps 

£l n : = a(£+l_ n _ 2 ) : <x(Cl_ n _ 2 )£l„ -> (4.56) 
Cln := a(£ + l-n- 2 ) : M^l-n) -)• <r(Cl_„_ 2 )£ l n (4.57) 

simplify to the form 




(e) 5 = (e)s = j^- ^ = -| (e)r = - 
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4.4 Symmetries of the commutativity chain maps 



Given a 2-morphism a and a 1-morphism x in U we write ax in place of the composite 
al x whenever this composite makes sense, likewise for xa. 

The following Propositions gives several alternative characterizations of the various 
commutativity chain maps. 



Proposition 4.9. For all n 6 Z the equalities in Kom{U) 

fl n =^o^(fl n )o/j 

e + i n = ^oV;(c + in)o^ 

hold. 



(4.59) 
(4.60) 
(4.61) 
(4.62) 



Proof. Note that ( I4.59P is how the map £ was defined. Equation ( I4.60p follows from the 
strictly commutative square 



J=C\ n 



-Id 



TCl n 



■±CJFl n 




(4.63) 



where the triangles commute since ip(g^) = —Q^, ''PiQ^) = ~ 0^ ■> an d has inverse by 
Proposition 14.11 The bottom square is if) applied to (I4.59P . 
To prove (I4.6ip consider the diagram: 



C£l n ■ 



aoo(C)£l n - 
if)au(C)£l n 



i>{C)£i r 



<7w(r) 



+ £Cl r 



-*£cJu;(C)l r 



->■ £i^aoj(C)l n 



-£i>(g™r 



+ £ip(C)l r 



(4.64) 
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The bottom square commutes on the nose since it is if) applied to the definition of £ + in 
(14.43P with two minus signs distributed through the map. The top square is the definition 
of £ + in (I4.42p . The center square is au applied to (I4.59p . Noting that 

ou(T$>) = au{g^)£ 

auj{g^F) = au{g^)£ 

the left and right squares commute since 

by Proposition 14. 1 1 part (jb]). Equation (I4.62p follows from f)4.6ip by applying ip and arguing 
as in the proof that (I4.59P implies (14.601) above. □ 



(4.65) 
(4.66) 

(4.67) 



Just as the maps £ + and £ + are defined from £ and £ using the symmetry au, the 
following proposition characterizes £~ and £~ in terms of £ + and £ + via the symmetry au. 



Proposition 4.10. For all n G Z the equalities in Kom{U) 

rin = r^°^(e + i«)°^ 
rin = ^°^(e + in)o^ 

hold. 

Proof. The first equation follows from the commutative square 

r 



(4.68) 
(4.69) 




TC\ 7 




(4.70) 



J r aa;(C)l r 



o-uj{C)Fl n 



where the bottom square commutes on the nose since it is au applied to the definition of £ + . 
The left and right triangles commute on the nose since au(g auJ ) = g^^ and cra;(^ rjw ) = g auJ 
and g aU} has inverse g^ 7 ^ by Proposition 14.11 The second claim in the Proposition is proven 
similarly using the definition of £ + . □ 



Notice that there are four equations in Proposition I4.9l but only two in Proposition 14. 1Q[ 
The missing equalities are definitions (14.421) and (14 .43 p . 

Proposition 4.11. For all n e Z the equalities (=) and homotopy equivalences (~) hold. 

r 1» = FJ 7 o a(fL n+2 ) o Tg° (4.71) 
r 1„ * o a(fL„ +2 ) o Q °T (4.72) 
tl n = Sg° o a(e + l-„- 2 ) o g°E (4.73) 
£+l n - TZ ° ^(e + l-n- 2 ) o (4.74) 
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Proof. We need to show the equality of two chain maps in equation (I4.7ip . Each is given 
by three two-by-two matrices and we check the equality of coefficients one by one. That 
is twelve equations to check. Here we prove just one of the more complicated equalities of 
matrix entries. For example, the equality for the upper left term of the first matrix is 



erin = o a(cri-n+ 2 ) ° t& + %t ° a(^i-„ +2 ) ° t q \ 

One can check that 





n 



E 



/1+/2+/3 

=-n+l 
l</l 




(4.75) 



(4.76) 





(4.77) 



where the summation term is zero by the dotted curl relation (13.171) since 

E 3 - 



/1+/2+/3 

=— n+l 
l</i 



/a 



E E n 

/1+/2+/3 91+92 $f fl 

=— n+l ="-2+/ 3 
l</i 



-92 



and the for both summations to be nonzero we must have — n + 1 > and f% + n 
which is impossible since ^3 < — n + 1. Similarly, 



n-3 



/1+/2 91 
=— n+l 
l</i 

since the summation indices can never both be non-negative. 
We also have 




(4.78) 



2 > 



(4.79) 



l-n+2) 




7?. 




(4.80) 



and 



^J 7 o cr(£ 4 l- n + 2 ) ^ 



-E$, 




7?. 



(4.81) 



91+92 

=n-3 ./ 
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Hence, equation (14. 75[) amounts to proving the equality 





n 




(4.82) 



=n-3 ./ 

Using the nilHecke relation (13. 4 j) and cancelling terms we can write 







(4.83) 



Now we can apply (13.151) to both terms on the right-hand side, sliding the bottom right 
crossing in each diagram through the diagonal line. Note that after applying (13.151) the 
location of the dots above produce some terms that cancel leaving only 





E 



91+92+33 *+92 -93 
+94=—" >£l 



.94 

n 



E -Q " 

4-^2+93 *+92 



91 

+g 4 =-n 



94+1 

n 



(4.84) 



where the last two terms can be shown to be zero by simplifying the dotted curl and 
arguing as above. Therefore, 



(4.85) 





(4.86) 



JX12I 




(4.87) 

Now plug this into the right-hand side of (I4.82p . use the identity decomposition equation 
(I3.12p on the last three terms above and note that the additional bubble terms arising from 
the application of (I3.12p vanish by considering the conditions on the summation indices 
as above. After reordering the non-vanishing terms of the right-hand side of (I4.82p we are 
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left with 

+ E W + E W - E & 

By rescalling the third term and simplifying the last two terms, the above becomes 

E t5y + E (LS,)) 






/i+/s+/£ 
=n-2 

l</s 



„^ /1+/2+/3 

=n— 3 
l</3 




But by sliding the bubbles using a rotated version of (I3.2ip we can simplify the last two 
terms 

E E(a + 1 -*) s ?0 











E 




E 




/1+/2+/3 

=n— 3 




h+h+fz 

=n-2 




l</3 




l</a 





/1+/2+/3 91+32 

=n— 3 =/2 
l</3 



<y_> 



rv 



- E £o> +1 -3») To 



h+h+r 3 91+92 

=71-2 =J2 

l</ 3 

/1+/2+/3+/4 f *+ /4 

=n-2 4- rv 

l</3 



(4.90) 



proving equation (14. 75 p . The rest of the proof of (14.711) follows by many more computations 
analogous to the one above. 

Equations (I4.72p - (l4.74p follow by applying various symmetries to (14. 71 [) . The left and 
right hand sides of (I4.72p constitute the perimeter of the following diagram 



id 



id 



Mr e °)=o( e °)T 



i-n+2) 



(4.91) 
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Since cr(g u ) = f? 7 and cr(^°") = g a the left and right triangles commute up to homotopy by 
Proposition 14. 11 The bottom square is a applied to (I4.7ip with parameter — n + 2. 
Equation (I4.73P follows from the commutativity of the diagram 



C£l n 



^£Cl r 



Q™E 

aoj{C)£l n — 
u(C)£l n — 

■"b( e ™)£=<T( e ™)£ 



-¥ £au)(C)l r 



-*£u(C)l n 



a(C)£l r 




(4.92) 



-»£a(C)l r 



Here u(g a J r ) = u(g (J )£ and u^gl 7 ) = £oj(g cr ), the left and right squares commute on the 
nose since 

^ M o<7(r)op ff = r, ^ o (7(2™) o = (4.93) 
by Proposition 14.11 part (jbj). The center square commutes since it is u applied to (14.711) . 
The bottom square is a applied to the definition of £ + , where we used that a 2 = Id. The 
top square commutes by definition of £ + . 

A similar homotopy commutative square to (I4.9ip shows that (I4.74p follows from (14. 73 p . 

□ 

Proposition 4.12. For all n e Z the equalities (=) and homotopy equivalences (~) hold. 

£- In = o io(tl-„) o T(? (4.94) 

r i„ * ?r o u(ei- n ) ° ^ (4.95) 

? + l n = ^^fU)o^ (4.96) 
f + l n ~^o U (fl_„)o^ (4.97) 

Proof. The proof follows from Proposition 14.111 and the definitions of £ + and £ + . For 
example, the first two equations are proven by the diagrams 



£F1 T 



e CT .F 
<r(C).Fl„ 



f<r(C).Fl B 



°"(? 1-n+a) 



7"«r(C)l 



t^(C)^ln 



l-n+2) 



o;(C)J : "l n ' 



w(£+l„— n) 



w(C + l-n) 



->w(C).Fl„ 
(4.98) 
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The top squares commute by Proposition 14.111 The bottom squares are u applied to the 
definitions of and £+, respectively. Note that u(g UUJ ) = a^jP") and = cr(g auJ ). 

The left and right triangles in both squares commute on the nose since 

<7(2 0W ) o q" = q % g^o a(g™) = tf. (4.99) 

Using Proposition 14.101 similar arguments as the above prove the last two equations in 
the Proposition. □ 

5 Naturality of the Casimir complex 

In the previous section we have shown that the Casimir complex commutes with generating 
1-morphisms £l n , T\ n in ComiU). In this section we show that this commutativity is 
natural with respect to 2-morphisms. 

5.1 Natural transformations k and k 

Throughout this section we will find it convenient to view KomiU) and ComiU) as idempo- 
tented additive monoidal categories as explained in the introduction. Consider the complex 

C := 0Cl n . (5.1) 

In this section we show that the functor 

- ®C: Com(U) -> Com(U), (5.2) 
is naturally isomorphic to the functor 

C ® - : ComiU) ->■ Com(U) (5.3) 
via an invertible natural transformation 

k: -®C ^C®- (5.4) 

with inverse 

k: C® - - ®C. (5.5) 

Recall that the tensor product of complexes and juxtaposition of diagrams gives the compo- 
sition operation in categories ComiU) and ComiU). Here we will use composition notation 
rather than the tensor notation. 

Defining the natural transformation k and its inverse k amounts to specifying for any 
complex X in ComiU) a chain map 

k x : XC ->■ CX, k x :CX^ XC, (5.6) 
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such that for any chain map / : X — > Y the squares 



YC^-^CY 



CY KY > YC 



fc 



XC 



Cf 



^CX 



c.f 



cx 



fc 



+ XC 



(5.7) 



commute (up to chain homotopy). 

On generating 1-morphisms we define 

k^i„ := r : FCl n -> CFl n K TXn := C : CT\ n -> .FCl n (5.8) 

«£i n := ? + : -> C£l n K £ln := : C£l n -> £Cl n . (5.9) 

For an arbitrary complex X in ComilA) the chain maps and Kx are determined from 
the assignments above. For example, if X = ETT\ n {t\ then 



k x = ETTC\ n {t\ ET ^ {t \ ETCT\ n {t} £rHt} } ECTJFl n {t} *-^% C£m n {t}. 



(5.10) 



This definition of Kx produces a commutative diagram 

KXY 



CXYl n 



¥ XYCh 



kxYX / Xky 

XCYl n (5.11) 

in ComilA) for complexes Y = l n 'Yl n and X = l n nXl n r, withCXyi n = l n r/Cl n »Xl n 'Yl n . 

Proposition 5.1. Equations (15. 7\i hold for all 2-morphisms in ComilA). 

Proof. It is enough to check naturality squares ( }5.7p on generating 2-morphisms (dots, 
crossing, cups, and caps) in IA. This will be done in Section 15.21 □ 



It is clear from the definitions in (15. 8p and (15. 9p of k and k and the results in section H~2l 



that 



(5.12) 



KX^X = Id C X, KX^X = l&XC 

in ComilA), so that k and k are inverse. 

Naturality of k and k and the universality of the Karoubian envelope allow us to extend 
K and k, to isomorphisms between functors 

- ®C : Kar(Com(lA)) -> Kar(Com(U)) (5.13) 

and 

C ® - : Kar(Com(lA)) Kar(Com{U)). (5.14) 
The equivalence KariComilA)) = ComilA) allows us to treat n and k as isomorphisms 

k: -<g>C^C<g>- and £:C®-^-<g>C 
between endofunctors on ComilA) concluding the proof of Theorem ll.il 
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5.2 Naturality with respect to 2-morphisms 

It is immediate from the axioms of a 2-category and will be used throughout this section 
that for any g E Q the chain maps g 9 : C — > g{C) induce natural transformations between 
functors 



gP <g> -: C® - => g(C) <g> -, 



- <g> Q 9 : - ®C - <g> g(C). 



(5.15) 



5.2.1 Naturality of k for dot 2-morphism 
We will show that the diagram 



FCl„^CFl r 



•i - i< 



commutes up to homotopy (commutes in Com{U)). Let 

(n' = r°(ic)-(ci)°c 

We construct a chain homotopy — 0. 



£.F.F1„{2} 
.Fl„{l+n} 



fTil ^11 

Til ^1 



f-Til TIL ^ 



T£ J-l„{2} 
^ln{l-n} 




TTT I 



v TTT 

where, after simplifying the map we have 

™ - X { - X i 

(r ) 2 - 1 1 = 



(5.16) 



(5.17) 



ITi I?I ^ v Tln{n ~ 1} 



£TTl n {-2} 
J r l„{n-3} 



(f-) 1 



(Dn 1 = 

(r ) 2 - 2 1 = 



(5.18) 

(5.19) 
(5.20) 
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(US]): 



SCh 



£g u 



g^E 



guj ( C )l n ^hu(C)£l n 



5w(C)l n . 



>w(C)£l n 



(5.32) 



where the middle square is the image of (15.161) under the 2-functor u. The left and right 
squares commute by the naturality of g^ and g^ , and the top and bottom squares commutes 
by Proposition 14.121 

5.2.2 Naturality of k for dot 2-morphism 

We will show that the diagram 



CT\„ — > FCl r 



4 



4 



(5.33) 



commutes up to homotopy. To see this apply olo to the diagram (I5.32p . and use the 
naturality of g UUJ and g"^, and Proposition 14.101 to see that each of the five small squares 
in (I5.34p commutes. 



C7\ 



i 




CT\ n 




(5.34) 
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The naturality square 

cei. 

4 

C£lr 



^£Cl r 



-»£C1, 



4 



(5.35) 



can similarly be shown to commute by applying cruj to the square (I5.16P and appealing to 
Proposition 14.101 

5.2.3 Naturality of k and « for crossing 2-morphisms 
We will show that the diagram 



xx 



x 



'X 



X 

TTC\, 



X ( 5 - 36 ) 



x-f 



commutes for all n € Z by treating the cases n < and n > separately. For n < 
consider the map 

z ■= ( c X ) ° ft" ^) ° (^r) - (r^) o (tt) o ( x c) . (5.37) 

One can check that the map Z is identically zero, so that the diagram (I5.36P commutes on 
the nose for n < (i.e. commutes in KomiU)). 

For n > we deduce commutativity from the commutativity of the diagram 



X 



TTo{C)\ n To{C)T\ n To{C)Tl n u{C]TT\ n 

X ct(c) ct(c) X 

- ^X \ * X-^ * 



TTC\ n 



X ( 5 - 38 ) 



X-F 
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where the center rectangle 



x 



(5.39) 



commutes on the nose since the map (of complexes) 

% ■= K c ) X ) ° (c^) ° - (c^) ° (^&) ( X ^))- 



(5.40) 



is already zero in KomiU) for n > 0. The triangles commute up to homotopy since (f 
is the homotopy inverse of g^ 7 by Proposition 14.11 The left and right squares follow from 
the naturality of g° , and the commutativity up to homotopy of the remaining squares is 
implied by (1477Tj) . 

For all n G TL the naturality square for Ksei n and the crossing is proven as follows 



££C1, 



-+£C£l r 



■+CEE1, 



££g u 



£g^£ 



£g w £ 



TEE 



EEuj(C)l n ^UEuj(C)El 7 



£u(C)£l n ^>u)(C)££l n 



^(C)X 



££u(C)l n ^£u(C)£l 

£ui{£, ) 



„ £u(C)£l n ——>u(C)££l r 



££g u 



££Cl r 



£g^£ \ / Eg w £ 
-±£C£l n 



T££ 



'X ( 5 - 41 ) 



-*C££l n 



where the center rectangle is the image of ( I5.36P under u. Each of the two triangles 
commutes up to homotopy since g w is the homotopy inverse of T . The squares on the left 
and right commute by the naturality of g w and T. The remaining squares commute by 
equation (I4.97P in Proposition 14.121 

The naturality of k and the crossing is established by applying the symmetry 2-functor 
if} to the above arguments. 
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5.2.4 Naturality of k for cap 2-morphisms 

We show that the naturality square 



Cl n 

rx c 

ETC!., 



K lr 



rx 



Cl n 

rx c 

STC\, 



rx 



(5.42) 



-> CEFl r 



commutes up to homotopy by considering the cases n > and n < separately. 
For n < the complex Cl n is indecomposable. In this case, let 

We will specify a homotopy Z ~ 0. 



(5.43) 



£Tl n {2} 
l„{l-n} 




£J-<fJFl n {2} 

w ^im ^^^f-iiTi tin 



n 



where, after simplifying, Z is given by terms 

(Z)n 1 
(Z)u 1 = 

(Z)21 = 



11 rx ~li rx ) 



£Tl n {-2} 
l„{n-l} 



(Z)i 



£F£Fl n {-2] 
£Fl„{n-l} 



n 



n 



CS\\ (j\X rx 



XJ n 

rx 



n 



n 



rx 



(5.44) 

(5.45) 
(5.46) 
(5.47) 

(5.48) 
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n 



n 



n 



(Z)° 12 
(Z)° 21 



n 



rxx 



x 



rx 



n 



= 



n 



n 



n 



rx 



11 



n 



n 



n 



{Z)\ 2 - 

(zy 21 = o 



n 



n 



rx 



{Z)\ 2 = 

and the chain homotopy is given by 



n 



9 r\ 



91+92+93 




n 



n 



rx 



n 



n 



(*).- ^ 
(ft ) 



+ 



n 



91+92+93 4, n 

=— n 



'22 



(5.49) 

(5.50) 
(5.51) 
(5.52) 

(5.53) 

(5.54) 
(5.55) 
(5.56) 



(5.57) 

(5.58) 
(5.59) 

(5.60) 
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n 



11 



12 



21 



22 



E 



91+92+93 
=— n 



^92 



!)■', 



4- n 



n 



n 



e 4^ 



91+92+93 
=—n 



92 



n 



0. 



(5.61) 

(5.62) 
(5.63) 
(5.64) 



It remains to prove the homotopy commutativity of (15.421) in the case n > 0. This follows 
from the commutativity of the diagram 



Cl n 



c 



rx L 



<r(C)l n 

rv (c) 
er<j{c)\ r 

£Tq" 



*(C) 



-Kr(C)l„ 

^rx 



-¥ Eo{C)T\ n — - — > v(C)ET\ 



EFC1, 



-> EC7\ n 



g a £J r 



rx 



(5.65) 



The left and right squares commute (up to homotopy) by definition. The top square 
commutes up to homotopy by Proposition 14.11 The bottom two squares commute by 
Proposition 14.111 Hence, naturality follows from the commutativity of the diagram below: 



rv {c) 



ETo(C)\ n — -> Ea(C) T\ n ■ 



^ rx 

+ a{C)ET\ n 



(5.66) 



when n > 0. 

To prove the homotopy commutativity of (I5.66P let 



56 



rx 



a(C)). 



(5.67) 



Naturality with respect to 2-morphisms 



57 



We will show that Z' is homotopic to zero 

'If u ^ 



-F£l„{2} 
ln{l + "} 



it I? 



£-J-J-£:i„{2} 




I l„{-n-l} 



TliT Tl ^ , 

where the chain map Z' is given by 



-TUT 



Til? 



Tl 



(^)n 1 




n 




n 



{Z')-21 



= 0. 



£TT£\ n {-2] N 
£J-l„{-n-l} y 

(5.68) 

(5.69) 
(5.70) 



(Z% = 
(Z% = 




n 




n 



-(z')° 



21 




n 




n 



(Z% = 
(Z% = {Z')\ 2 = (Z% = 
and the chain homotopy is given by 

(*■)„ = -(*")„ = 

(ft«) 21 = (ft«) 22 = 






n 



(5.71) 
(5.72) 
(5.73) 

(5.74) 
(5.75) 

(5.76) 
(5.77) 
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and 




n 



i h \i = ( h %i = J ' ( 5 - 78 ) 

Mia = = °- ( 5 - 79 ) 

Naturality of the other cup follows from the homotopy commutative diagram below: 



+ C1, 




u(C)l n 

TEq 1 



«(C) 




-*w(C)l r 



"(C) 



„ — ► J-a;(C)f 1„ — > Fu{C)£l n — ► w(C) T£l n 



-¥TC£l n 



tyre. 



'4\ 



re 



->CT£l r 



(5.80) 

The center rectangle follows by applying the symmetry to to the homotopy commutative 
square (I5.42p and replacing n by — n. The two squares on the left and right commute by 
naturality of q w , fj". The top square and the bottom middle triangle are commutative since 
g u is the homotopy inverse of ^ as shown in Proposition 14.11 The bottom two squares 
follow from equations (14.941) and (14.971) in Proposition 14.121 

5.2.5 Naturality of k for cap 2-morphisms 

We show that the squares 



Cl n ^^Cl r 



rx 

C£T\ n 



+ £TCl n 



C7£l, 



K TElr. 



-> T£Cl n 



(5.81) 
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commute up to homotopy. To show that the first square is homotopy commutative consider 
the diagram below: 



CI 



c 



rx 



au(C)l n - 

rx 

au(C)£Fl 



<TU)(C) 



„ — — > >£<tu)(C) T\ n -^Eou{C)7\ n - 



q™£T 



■> aw(C)l r 

rV 

>^J r (7a;(C)l r 



c (5.82) 



CEF1, 



The center rectangle is obtained by applying ouj to the homotopy commutative square 
f)5.42p . The triangle commutes since g auJ has inverse by Proposition 14.11 The bottom 
two squares were shown to commute in Proposition 14.101 The remaining squares commute 
up to homotopy by the naturality of (f u and Propositions 14.11 

The second naturality square in (15.811) can be shown to commute by applying ouj to 
(I5.80P and arguing as above. 

5.2.6 Naturality of k for the cup 2-morphisms 

We must show that the squares 



EFCl n Ks ^ n > CEJFl n 



TEC\ n KreXn > CTE\ n 



(5.83) 



Cl r 



-*C] 
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commute up to homotopy. The proof is given by the following diagrams: 



-> SCF1, 



V(C)l n 



CI, 



i,{C)^J 

>ip(C)l r 



TEC\ n 



^CJF£l n 



JF£^{C)l n T^{C)E\ n Fi>(C)81 n ^X ^{C)JFEl n 



^(C)l„ 



V>(C) ^ 



c ^ (5.85) 



Cl n 



The center rectangles commute up to homotopy since they are obtained from the homotopy 
commutative squares in ( I5.8ip . The triangles and the left, bottom and right squares in 
both diagrams above commute since (ft is inverse '(ft by Proposition 14.11 The remaining 
squares commute by Proposition 14.91 
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5.2.7 Naturality of k for the cup 2-morphisms 

The naturality for one cap is given by the commutative diagram in Com{U) 



C£71 n ■ 



C 



g*£T 
r/>(C)XJ 



ETq^ 



XJ i>(c) 



+C1 



(5.86) 



where the middle square commutes up to homotopy by applying -0 to the homotopy com- 
mutative diagram (I5.42p . The left and right squares commute by the naturality of and 
0*. The top square commutes on the nose since has inverse ^.The bottom two squares 
commute by Proposition 14.91 

Naturality for k with respect to the other cap is proven similarly. 
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